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Environmental influences are typical in any practical situation which in turn can have fatal effects
on quantum resources. Bell nonlocality is such an important resource. Some environmental interac-
tions can lead to nonlocality being lost. In such situations, it is vital to find possible prescriptions to
retrieve nonlocality. The present work lays down one such prescription. Precisely, we have studied
some well-known classes of states under the ambit of the Bell-CHSH inequality in two qubits, where
we start from a Bell-CHSH local state and can transform it into a nonlocal state through our protocol.
The efficacy of the protocol is further established from the fact that it can retrieve nonlocality from
states admitting a LHV(local hidden variable) model. The strength of the prescription is validated
by the fact that it can generate nonlocality from states when even unitary action on the composite
system fails.
PACS numbers: 03.65.Ud, 03.67.Mn
I. INTRODUCTION
Quantum nonlocality is generally interpreted as the
ability of quantum theory to explain correlations arising
due to local measurements on space-like separated sys-
tems beyond the scope of local realism. Since its ori-
gin from Bell’s theorem [1, 2], it has been the cynos-
ure of significant research activity. Entanglement [3]
marks another significant departure of quantum mech-
anics from its classical counterpart. Although inequi-
valent in concept, nonlocality and entanglement has
proved themselves to be pertinent resources in vari-
ous tasks like teleportation [4], randomness certifica-
tion [5], cryptography [6]. While entanglement refers
to inseparability of subsystems, Bell-nonlocality is in-
terpreted as the strongest form of quantum nonlocal-
ity. Bell-nonlocality is detected through the violation of
a suitable Bell inequality, one such important inequal-
ity being the CHSH inequality[2], which itself is neces-
sary and sufficient under two measurement settings. A
state which satisfies the Bell-CHSH inequality cannot
be considered local, as there can be other Bell inequal-
ities that it violates. However, violation of the Bell-
CHSH inequality is a signature of nonlocality. A state is
termed as local, only if it admits a local hidden variable
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model(LHV) [7]. The correlations exhibited by a state
admitting a LHV can be simulated by separable states.
The inequivalence of entanglement and nonlocality is
exemplified by the existence of entangled states admit-
ting a LHV [8].
The underlying foundational and pragmatic signific-
ance of nonlocality has motivated research towards re-
vealing nonlocality[9], local filtering operation being
one such procedure [10, 11]. The procedures to re-
veal hidden nonlocality can be broadly classified into
two categories (i) performing single local measurement
[11] and (ii) subjecting the state to suitable sequence of
local measurements [10]. There has been extensive re-
search in both the directions, the main motivation being
extraction of nonlocal behaviour from quantum states
which failed to generate the same under the standard
Bell scenario. Recently, the effect of global unitary op-
erations on the nonlocality of a state has been probed
by some of us [12], with the focus being on the Bell-
CHSH inequality for two qubit systems. Precisely, a
state which initially satisfies the Bell-CHSH inequality
can violate it when subjected to a global unitary ac-
tion. On the other hand, there are states which pre-
serve their Bell-CHSH local character under global unit-
ary effect, subsequently termed as absolutely Bell-CHSH
local states [12, 13]. For a given spectrum, the maximal
Bell-CHSH violation is attained at the respective Bell-
diagonal state[14]. Therefore, if a Bell-diagonal state
is Bell-CHSH local, it is absolutely Bell-CHSH local[12].
Hence, a quantum state with spectrum a1, a2, a3, a4(in
decreasing order) is termed as absolutely Bell-CHSH
local iff [13],
(2a1 + 2a2 − 1)2 + (2a1 + 2a3 − 1)2 ≤ 1 (1)
2This feature bears resemblance to a similar problem in
entanglement, where there are states which preserve
separability under global unitary action on the compos-
ite system[15–17]. Such states are termed as absolutely
separable.
On a different note, a state may lose its nonlocality if
it is subjected to environmental interaction, a situation
one cannot dispense within practical scenarios[18]. Re-
cent studies on nonlocality breaking maps have been
indicative of the probable drastic effects[18]. In this con-
text, one pertinent question is whether one can regen-
erate nonlocality. The question assumes significance if
one can retrieve nonlocality even from absolutely Bell-
CHSH local states.
Given the practical and foundational significance of
nonlocality, a quantum state capable of exhibiting the
trait can be considered to be a resource.Now if nonloc-
ality of any entangled state does not appear by using
existing procedures of detection, the state may seem
useless in spite of being entangled. Hence from a re-
source theoretic perspective, it becomes important to
generate nonlocality from such useless entangled states.
In recent times there has been many studies attempt-
ing to exhibit nonlocal features of entangled quantum
states which are thought to be devoid of any capability
to generate nonlocal correlations in standard Bell sense
[1, 2].
Our present work is motivated by the aforemen-
tioned questions. To state precisely, we find that an
amplitude damping channel, a typical representative of
environmental interaction, can have fatal effects on the
nonlocality of a state. The state can be even turned
into an absolutely Bell-CHSH local state. However,
through appropriate sequential measurements one can
transform the state to a state which is no longer abso-
lutely Bell-CHSH local. One can then generate nonlocal-
ity from the transformed state through a suitable global
unitary. The protocol relies on the SLOCC(Stochastic
Local Operation and Classical Communication) used
in the standard entanglement swapping procedure [19].
We have chosen as input the X class of states [20],
which contains within it several significant subclasses
of quantum states. Our protocol is further underscored
by existence of absolutely Bell-CHSH local states admit-
ting a LHV model which can be converted to a state
which is no longer absolutely Bell-CHSH local.
We have organized the remaining work as follows:
In the following section we observe the influence of
an amplitude damping channel on the Werner class of
states. In sec.III we introduce the protocol and prescribe
measures to retrieve nonlocality. We also probe the gen-
eration of nonlocality from well-known class of states
in sec.IV. We finally conclude in sec.V.
II. AMPLITUDE DAMPING
In this section we give an intuitive insight of our pro-
tocol and its possible applications before presenting the
main prescription in the following section. Consider the
Werner class of states [8]:
Λ = α|ψ−〉〈ψ−|+ (1− α)1
4
, where α ∈ [0, 1]. (2)
After being passed through an amplitude damping
channel(characterized by noise parameter γ,say)[21],
the transformed state is given by:
ΛAMP =


(1−α)(1+γ2)+2(1+α)γ
4 0 0 0
0
(1−γ)(1+γ+α(1−γ))
4 − α(1−γ)2
0 − α(1−γ)2 (1−γ)(1+γ+α(1−γ))4 0
0 0 0
(1−α)(1−γ)2
4


(3)
The nonlocal states from Werner class after passing
through amplitude damping channel become abso-
lutely Bell-CHSH local, i.e., nonlocal character of the
damped states cannot be retrieved even under global
unitary operations(see Fig.(1)).
However when such states are used in our protocol
then nonlocal character of some of them can be re-
trieved probabilistically in the measurement phase of
the protocol when suitable global unitary operations
are applied on the states resulting due to Bob’s joint
measurement(see Fig.(2)). The parameter range for the
transformation and subsequent retrieval is given below:
Noise Absolutely Non- absolutely Range of
Parameter Bell-CHSH local swapped retrieving
local state nonlocality
γ = 0.5 α ≤ 1 α > 0.908433 (0.908433, 1]
Table I
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Figure 1: Shaded region gives a restricted area in parameter
space (α, γ) where α and γ characterizes the Werner state
and amplitude damping channel respectively. A Werner
state corresponding to any point say P in this restricted area
loses its nonlocal character when passed through an
amplitude damping channel parametrized by noise
parameter γ corresponding to the point P. The extent of
damping is such that its nonlocal behavior cannot be
extracted even by applying optimal global unitary
operations.
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Figure 2: Shaded region gives restrictions for which, via our
swapping protocol, nonlocality(under suitable global unitary
operations) can be retrieved(if Bob obtains output |ψ+〉 or
|ψ−〉) from absolutely Bell-CHSH local Werner states
resulting from amplitude damping channel parametrized by
γ lying in the shaded region.
III. SEQUENTIAL MEASUREMENT PROTOCOL
Before moving into the description of the main
protocol, we discuss briefly two key ingredients.
A. Absolutely Bell-CHSH local states
One very pertinent question in the context of the
Bell-CHSH inequality is what can be the maximal Bell-
CHSH violation of a state under global unitary opera-
tions. It was shown in [14], that if one fixes the spec-
trum of a state then the maximal violation is attained at
the respective Bell-diagonal state. Therefore , if the re-
spective Bell-diagonal state do not show any violation
then the states unitarily similar to that Bell-diagonal
state are absolutely Bell-CHSH local [12]. This puts
a restriction on the spectrum of the state. Precisely, a
quantum state with spectrum a1, a2, a3, a4(in decreasing
order) is termed as absolutely Bell-CHSH local iff [13],
(2a1 + 2a2 − 1)2 + (2a1 + 2a3 − 1)2 ≤ 1 (4)
The above relation can also be obtained if one considers
the Bell-CHSH violation of the Bell diagonal state for a
given spectrum [14].
B. X states
This class of bipartite states[20] are of the form:
χ = a|00〉〈00|+ b|01〉〈01|+ c|10〉〈10|+ d|11〉〈11|
+p(|00〉〈11|+ |11〉〈00|) + q(|01〉〈10|+ |10〉〈01|) (5)
Herep and q real, a+ b+ c + d = 1. Non-negativity
demands p2 ≤ ad and q2 ≤ bc. The corresponding
density matrix is given by:
ρχ =


a 0 0 p
0 b q 0
0 q c 0
p 0 0 d

 (6)
The X states are well known for their versatile utility
in experimental scenarios[22, 23]. This class includes
many well known class of states such as Bell diagonal
states, Werner state[8]. X states were also studied in
condensed matter systems and in various other fields
of quantum mechanics.
C. The Protocol
The protocol that we put to use mainly relies on
an entanglement swapping network which entangles
two never interacting pair of particles through suitable
measurements. The protocol consists of two phases:
Preparatory Phase followed by Measurement Phase. De-
tails of the protocol(see Fig.(3)) are discussed below:
Let there be three parties Alice, Bob and Charlie
and two sources S1 and S2. Each of the two sources
generates an entangled state. Let S1 generate ρAB
which is shared between Alice and Bob. Let ρBC be
generated by S2 and shared between Bob and Charlie.
So Bob receives two particles, one from each source.
After receiving two particles, he performs full Bell-basis
measurement on the joint state of his two particles. He
then broadcasts the output of his joint measurements
to Alice and Charlie. This constitutes the first phase,
i.e., Preparatory Phase.
After receiving the output from Bob, Alice and
4Charlie now know the state that they share. They
perform suitable local projective measurements on
their subsystems. The correlations generated in this
phase are tested to see whether they are absolutely
Bell-CHSH local(Eq.(4)). This is the Measurement Phase
of the protocol.
The aforementioned protocol is now put to use in the
context of generating nonlocality. For that let each of
two sources S1 and S2 generates an absolutely local
state ρAB and ρBC respectively. After completion of
the sequence of measurements in the protocol, if the
output state is not absolutely Bell-CHSH local(which
is revealed through the violation of Eq.(4)), then a
suitable unitary is applied on it to change it into a
non-local state.
ALICE
CHARLIE
BELL MEASUREMENT
BOB
COMMUNICATION
I
II BOB
ALICE
III ALICE CHARLIE
ρAC
GLOBAL UNITARY
 OPERATION
CHARLIE
I+II-PREPARATION PHASE
III-MEASUREMENT PHASE
Figure 3: Schematic diagram of the protocol
Our protocol, being an SLOCC, nonlocality is generated
with some non zero probability, i.e., depending on Bob
obtaining some specific output, the conditional bipart-
ite state shared between Alice and Charlie is not abso-
lutely Bell-CHSH local. In this context, efficacy of the
protocol can be considered to be further improved if
via this protocol one can generate states which are not
absolutely Bell-CHSH local irrespective of Bob’s output.
Interestingly, for some states, we have the answer in af-
firmative.
IV. OBSERVATIONS
First we consider both ρAB and ρAC to be absolutely
Bell-CHSH local.
A. Nonlocality from absolutely Bell-CHSH local states
The condition for X states to be absolutely Bell-CHSH
local translates to,
Labs ≤ 1 (7)
where Labs is given by:
Labs = (Θ1 + Θ2)
2 + Θ23 if Θ
2
3 ≥ (Θ1 − Θ2)2,
Θ
2
1 + Θ
2
2 if Θ
2
3 ≤ (Θ1 − Θ2)2
(8)
with Θ1 =
√
(a− d)2 + 4p2, Θ2 =
√
(b− c)2 + 4q2 and
Θ3 = a+ d− b− c.
Let two different copies of X states χ1 and χ2 be
generated by S1 and S2 respectively. Let χnl denote
the X state shared between Alice and Charlie based on
Bob’s output at the end of the preparation phase of our
protocol. Below we consider some subclasses of X state
for which generation of nonlocality is observed.
1. States diagonal in the Computational Basis
Consider Si generates a X state which is diagonal in
the computational basis({|00〉, |01〉, |10〉, |11〉}):
ϕi = ai|00〉〈00|+ bi|01〉〈01|+ ci|10〉〈10|+ di|11〉〈11|
(9)
with i = 1, 2 , ai ∈ [0, 1], bi ∈ [0, 1], ci ∈ [0, 1], di ∈ [0, 1]
and ai + bi + ci + di = 1. If both ϕ1 and ϕ2 used in
the protocol be absolutely Bell-CHSH local(Eqs.(7,8), let
the swapped state resulting due to Bob obtaining out-
come bij be denoted as ϕ
ij
f . For rest of our discussion,
we denote the outputs of Bob, i.e., the Bell states |φ+〉,
|φ−〉, |ψ+〉 and |ψ−〉 as b00, b01, b10 and b11 respectively.
So for this class of states(Eq.(9)), there exist some abso-
lutely local states from this family(Eq.(9)) which when
used in our protocol, non absolutely Bell-CHSH local
states are generated for any possible output of Bob. If
Bob obtains output b00 or b01, φ
00
f or φ
01
f violate the ab-
solute Bell-CHSH locality criteria(Eq.(8)) for the same
restrictions over the state parameters. Similarly if Bob
obtains output b10 or b11, in both cases, the conditional
state shared between Alice and Charlie, i.e., φ10f or φ
11
f
become non absolutely Bell-CHSH local. For a particu-
lar instance, consider two copies ϕ1 and ϕ2 with a1=a2,
b1=b2 and c1 =
1
2 . When used in our protocol, the
states get transformed into non-absolutely Bell-CHSH
local regime (see Fig.(4)).
5(a) ϕ00f or ϕ
01
f (b) ϕ
10
f or ϕ
11
f
Figure 4: Both the subfigures give
restrictions over state parameters of
absolutely Bell-CHSH local ϕ1 and
ϕ2 along with a1 = a2, b1 = b2 and
c1 =
1
2 for which non absolutely local
states are generated at the end of the
protocol.
(a) ϕ00f or ϕ
01
f (b) ϕ
10
f or ϕ
11
f
Figure 5: Shaded regions in both
subfigures give restricted areas in
subspace of the state parameter space
(a1, b1, c1) of ϕ1(Eq.(9)) for which
non absolute local states are obtained
in the measurement phase of the
protocol starting from identical copies
of absolutely Bell-CHSH local states.
Now if the sources generate identical copies, then too
one obtains states which are no longer absolutely Bell-
CHSH local(see Fig.(5))
Clearly there exists no common intersection region of
the two subfigures of Fig.(5) which indicates that here
generation of non absolute locality depends on the out-
put of Bob’s Bell-basis measurement. To be specific
there exist no such absolutely Bell-CHSH local state
from this family(Eq.(9)) for which generation is possible
deterministically, i.e., irrespective of Bob’s output.
2. Gisin states
Consider that S1 and S2 generates two different cop-
ies ρ1 and ρ2 respectively of the Gisin’s state [11]:
ρi= λi(sin
2 αi|01〉〈01|+ cos2 αi|10〉〈10|
+ sin αi cos αi(|10〉〈01|+ |01〉〈10|))
+
1− λi
2
(|00〉〈00|+ |11〉〈11|)
αi ∈ [0, π4 ], λi ∈ [0, 1]. (10)
For any value of state parameter αi, ρi is absolutely
Bell-CHSH local(Labs ≤ 1) if λi ∈ [0, 1√2 ]. When ab-
solutely Bell-CHSH local ρi, i = 1, 2(i.e., λi satisfying
above restriction) are used in our protocol, let ρ
ij
f de-
notes the state shared between Alice and Charlie de-
pending on any specific output bij(as already discussed
before). There exist some absolutely Bell-CHSH local
states belonging to the family of Gisin states(Eq.(10))
for which, irrespective of Bob’s output, non-absolutely
Bell-CHSH local states are generated in the protocol if
Bob obtains output |φ+〉(b00) or |φ−〉(b01). For instance,
when λ1 = λ2, generation of non absolute Bell-CHSH
local states is shown in Fig.(6).
We then considered generating identical copies of the
state ρ1(say). Interestingly non absolute locality was
generated(for Bob obtaining b00 or b01) in the measure-
ment phase of the protocol in this case also(see Fig.(7)).
Figure 6: Here λ2 = λ1. Shaded region gives a restricted set
of state parameters λ1, α1 and α2 of the states ρ
00
f or ρ
01
f for
which starting from two non identical copies of absolutely
local Gisin states, non absolutely Bell-CHSH local states are
generated in the measurement phase of the protocol.
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Figure 7: The figure gives region in state parameter space
(α1, λ1) of Gisin states(Eq.(10)) for which non absolute
Bell-CHSH locality is observed in our protocol when
identical copies of Gisin states are used and Bob obtains
output |φ+〉(b00) or |φ−〉(b01).
Till now we discussed our findings related to genera-
tion from absolutely Bell-CHSH local states. In the con-
text of exploring nonlocal feature of any quantum state
it is important to distinguish states which have a local
hidden variable(LHV) model, i.e, are local in terms of
hidden variable theory as there exist entangled states
which lack a LHV model but fail to show violation of
Bell-CHSH inequality [2].
For instance, consider the family of states:
̺L = γ(cos2 β|01〉〈01|+ sin2 β|10〉〈10|
− sin β cos β(|10〉〈01|+ |01〉〈10|))
+(1− γ)|00〉〈00|
β ∈ [0, π
2
], γ ∈ [0, 1]. (11)
This class of states is entangled for any β 6= 0, π2 .
However this family has an LHV model(upto project-
ive measurements) for any γ ≤ 1
1+sin(2β)
[24]. For γ = 12 ,
the corresponding states from this family are absolutely
local. So for any possible value of β, the states are
both absolutely Bell-CHSH local and also have a LHV
model. We now explore whether nonlocal behavior of
such seemingly useless states can be exploited via our
protocol.
B. Nonlocality from absolutely Bell-CHSH local states
having LHV model
In the standard Bell scenario, states admitting a LHV
occupy a significant position. Any statistics arising out
of them can be efficiently simulated by shared random-
ness. In what follows below, we show that our pre-
scription can generate nonlocality from absolutely Bell-
CHSH local states admitting a LHV.
Let each of S1 and S2 generates an absolutely Bell-
CHSH local state having LHV model from the family
of of states ̺L(Eq.(11)). To be specific let Si(i = 1, 2)
generate:
̺Li =
1
2
(cos2 βi|01〉〈01|+ sin2 βi|10〉〈10|
− sin βi cos βi(|10〉〈01|+ |01〉〈10|) + |00〉〈00|)
βi ∈ [0, π2 ]. (12)
Non absolutely local states are generated at the end
of the protocol for any output of Bob(see Fig.(8)). Again
if both the sources generate identical copies of the state
̺L1 (say), then non-absolutely local states are generated
probabilistically if Bob obtains output |ψ±〉.(see Fig.(9)).
Probability of success in each case(|ψ+〉 or |ψ−〉) is
7+cos(4β1)
32 . Clearly by using identical copies of any ab-
solutely Bell-CHSH local state(having LHV model) of
this family(Eq.(11)) in our protocol, non-absolutely Bell-
CHSH local states are produced with some non zero
probability.
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(a) ρ00f or ρ
01
f
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β
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(b) ρ10f or ρ
11
f
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0.0
0.5
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β
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(c) ρ
ij
f
i, j ∈ {0, 1}
Figure 8: Subfigures(a) and (b) give restrictions over state
parameters β1 and β2 of the two absolutely local copies of
the state(Eq.(11)) for which non absolute local states are
generated in the measurement phase of the protocol. While
revelation is observed for Bob obtaining |φ±〉 in subfigure(a),
same is obtained for Bob obtaining output |ψ±〉 in
subfigure(b). Non empty intersection of the regions in
subfigure(a) and subfigure(b) is given in subfigure(c) which
in turn indicates deterministic generation of non absolute
locality, i.e., generation independent of Bob’s output.
One should note that in each of the above demonstra-
tions, the swapping protocol converts a state into a state
which is not absolutely Bell-CHSH local. A suitable
global unitary needs to be applied on the resultant state
to generate nonlocality as already mentioned in the de-
scription of our protocol in sec. III.
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Figure 9: Portion of the curve above β1 axis represents
revelation of non absolute local states at the end of our
protocol(measurement phase). Intercepted length P1P2 of the
β1 axis gives the restriction over the state parameter β1 for
which generation of nonlocality with some non zero
probability is obtained starting from absolutely Bell-CHSH
local states having LHV model(upto projective
measurements).
V. CONCLUSIONS
Bell nonlocality occupies a paramount position in the
foundational aspects of quantum theory. It is a signi-
ficant ingredient in various quantum information pro-
cessing tasks. However, in practical scenarios such re-
source can be destroyed due to environmental influ-
ence.
Nonlocality can be destroyed through environmental
interactions. A pertinent question is then related to find-
ing measures to retrieve nonlocality. This question mo-
tivates our present work. In this work, we have come
across a situation where the drastic effect of environ-
ment(in the form of a amplitude damping channel) can
lead a nonlocal state to be absolutely Bell-CHSH local.
Absolutely Bell-CHSH local states are precisely those
from which nonlocality cannot be generated even by us-
ing global unitary operations. Our work here proposes
a prescription through which one can retrieve nonlocal-
ity. The prescription relies on the entanglement swap-
ping protocol. Using the proposal one can turn a state
which is absolutely Bell-CHSH local to a state which
is no longer absolutely Bell-CHSH local. One can then
use a global unitary operation on the resultant state to
generate nonlocality. The X class of states, which con-
tains within it several important classes of states like
the Werner and Gisin states, have been taken as the in-
put in our protocol. We have shown successfully that
nonlocality can be generated from otherwise seemingly
useless states(in terms of nonlocality).
The present work leads to useful directions of future
research. We have investigated the effect of nonlocal-
ity breaking channels and the subsequent retrieval of
nonlocality in the purview of the Bell-CHSH inequality
in two qubits. Extensions of the work to other Bell in-
equalities in two qubits can be interesting. The scenario
in multiqubit systems can also turn to be a significant
enquiry.
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